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Abstract. In this paper, we define new types of separation axioms which we call cλ - iT  (

 0, ½, 1, 2i = ), and characterize  these spaces by using the notion of cλ -closed and cλ
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1. Introduction 

 

Ahmad and Hussain [1] continued to 

study the properties of γ -operations on 

topological spaces introduced by 

Kasahara[2]. They also defined and 

discussed  several neighborhood 

properties of γ -neighborhood, γ - 

neighborhood base at x,γ -closed 

neighborhood, γ -limit point,γ -isolated 

points. SarhadFaiqNamiq& Alias B. 

Khalaf[3],[4],[5],[6],[7],[8].  They  study 

a new class of semi open sets, which 

they call a λ -open set and cλ -open set  

in topological spaces and also they 

define the notions of λ -interior, λ -limit 

point, λ -derived set.  In the second 

section, we define the notions of cλ -

interior, cλ -limit point and cλ -derived 

set of a set and they show that some of 

their properties are analogous to the 

properties in open sets. Moreover, we 

give some additional properties of cλ -

closure and cλ -interior of a set.  

 

 

 

3.Preliminaries 

 

     In 1963, Levine [9] defined semi 

open sets and semi continuous functions 

in a space X. SarhadFaiqNamiq and 

Alias B.Khalaf[3],[4],[5],[6], They 

introduce new classes of semi open sets 

calledλ -open and cλ -open sets in 

topological spaces. They  considerλ  as 
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a function defined on the family of semi-

open sets of X into the power set of X  

and :λ ( )SO X → ( )P X is called an 

s-operation if ( )V Vλ⊆  for each V. 

The followings depended 

on[3],[4],[5],[6],[7],[8].  

 

 

Definition 3.1 

     Let ( , )X τ  be a topological space 

and : ( ) ( )SO X P Xλ →  be an s-

operation. Then a subset A of X is called 

a λ -open set if for each  x∈A  there 

exists a semi open set Usuch that x ∈U 

and ( )Uλ ⊆ A. The complement of a λ

-open setis said to be λ -closed. The 

family of all λ -open ( resp. λ -closed ) 

subsets of  a topological space ( , )X τ  is 

denotedby ( , )SO Xλ τ  or ( )SO Xλ  ( 

resp. ( , )SC Xλ τ  or ( )SC Xλ  ). 

Definition 3.2 

      Aλ -open subset  A of  a topological 

space ( , )X τ  is called cλ -open if for 

each  x ∈A there exists a closed  set F  

such that  x∈F ⊆ A. The complement of 

a cλ -open set is said to be cλ -closed. 

The family of all cλ -open                 ( 

resp. cλ -closed ) subsets of  a 

topological space ( , )X τ is denotedby 

( , )cSO Xλ τ  or c ( )SO Xλ   ( resp. 

( , )cSC Xλ τ  or ( )cSC Xλ  ).   

Remark 3.3 

     From the definition of s-operation, it 

is clear that ( )Xλ = X  for any        s-

operation .λ Through out this thesis we 

assume that ( )λ φ  = ,φ  for any s-

operation  .λ  

Definition 3.4 

A subset of topological space ( , )X τ  is 

said to be cλ -clopen if it is both cλ -

open and cλ -closed set. The family of 

cλ -clopen sets of X, denoted by 

( ).cCO Xλ  

Definition 3.5 

     Let ( , )X τ  be a topological space and 

let Abe a subset of X. Then: 

(1)  The λ -closure of  A ( ( )Cl Aλ ) 

is the intersection of all λ -

closed sets containing  A. 

(2)  The λ -interior of  A ( ( )Int Aλ ) 

is the union of all cλ -open sets 

of  X contained in A. 

(3)  A point  x∈X is said to be a λ -

limit point of A if every λ -open 

set containing x contains a point 

of A different from x, and the set 
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of all λ -limit points of A is 

called theλ -derived set of A 

denoted by ( ).d Aλ  

Proposition 3.6 

     Let ( , )X τ  be a topological space 

and A X.⊆  For each point  x∈X,  x∈

( )Cl Aλ  if and only if  V ∩ A φ≠  for 

every V∈ ( )SO Xλ  such that  x ∈V. 

 
 

Theorem 3.7 

     Suppose that : ( , ) ( , ) f X Yτ σ→  is 

( , )λ γ -continuous and ( , )λ γ -closed 

function, then: 

(1) For every g- cλ -closed set A of 

( , )X τ the image ( )f A is a g -

cγ -closed set. 

(2) For every g- cγ -closed set B of 

( , )Y σ the inverse set 1( )f B− is 

a g- cλ -closed set. 

 

Theorem 3.8 

   If : ( , ) ( , )f X Yτ σ→ is a 

contra ( , )λ γ -continuous 

function and satisfies the ( , )λ γ

-interiority condition, then f is 

( , )λ γ -continuous. 

Theorem 3.9 

     Let : ( ) ( )SO X P Xλ → be an s-

operation. Then for each  x∈X, { }x  is 

cλ -closed  or \{ }X x is  g- cλ -closed in

( , ).X τ  
 

Theorem 3.10 

      If a subset A of a topological space 

( , )X τ  is a g- cλ -closed set in X,then 

( ) \cCl A Aλ does not contain any non 

empty cλ -closed set in X. 

 

 

Definition 3.11 

A topological space ( , )X τ is said to be:  

(1) semi- 0T [10] if for any distinct 

pair of points in X, there is a 

semi open set containing one of 

the points but not the other. 

(2) semi- 1T [10]  if for any distinct 

pair of points x and y in X, there 

is a semi open set U in X 

containing x but not y and a semi 

open set V in X containing y but 

not x. 

(3) semi- 2T [10] if for any distinct 

pair of points x and y in X, there 

exist semi open sets U and V in X 
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containing x and y, respectively, 

such that U ∩ V = ;φ  

(4)  semi- 1/2T - Space[11] if 

every sg-closed set is semi 

closed. 
 

 

 

4.1 On cλ - iT Spaces (

 0, ½, 1, 2i = ) 

Definition 4.1.1 

      Let ( , )X τ  be a topological space 

and  A⊆ X. Then the class of cλ -open 

sets in A ( c ( )SO Aλ ) is defined in a 

natural way as: 

c ( )SO Aλ  = {A∩ V, V∈ c ( )SO Xλ }, 

That is W is cλ -open in A if and only if 

W = A ∩ V, where V is a cλ -open set in 

X. 

Definition 4.1.2 

     A topological space ( , )X τ  is called 

a 0-c Tλ  space, if for each distinct points 

,  x y X∈  there exists a -cλ open set U  

contains one of them but not the other. 

 

 

Example 4.1.3 

Let X={ , , },a b c and ( ).P Xτ = We 

define an s-operation : ( )SO Xλ →

( )P X as: 

   if  { } or { , } or { , } or  
( )

      Otherwise
A A a b c a c

A
X

φ
λ

=
= 


. 

Then a topological space ( , )X τ  is a 

0-c Tλ  space. 

Remark 4.1.4 

     Since every cλ -open set is semi 

open, so every 0-c Tλ  space is a semi- 0T . 

But the converse is not true in general as 

it is seen in the following example:   

Example 4.1.5 

Let X={ , , },a b c and ( ).P Xτ = We 

define an s-operation : ( )SO Xλ →

( )P X as: 

   if   { } or  
( )

   Otherwise
A A a

A
X

φ
λ

=
= 


.  

Then a topological space ( , )X τ  is a 

semi- 0T  but it is not 0-c Tλ  space.   

Theorem 4.1.6 

A  topological space ( , )X τ  is 0-c Tλ  if 

and only if for eachdistinct points x and 

y in X, x ({ })cCl yλ∉ or  y 

({ }).cCl xλ∉  
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Proof.Let x y≠ in a 0-c Tλ  space X. 

Then there exists a -cλ open set U 

containing one of them but not the other, 

without loss of generality, we assume 

that U contains x but not y. Then U ∩

{ }y = ,φ  this implies that x 

({ }).cCl yλ∉  

Conversely, let ,  x y X∈  such that 

.x y≠ Then by hypothesis x ∉

({ })cCl yλ or y∉ ({ }).cCl xλ With out 

loss any of generality, we assume that y

∉ ({ }).cCl xλ Then \ ({ })cX Cl xλ  is 

an -cλ open subset of X containing y. 

Since x ({ }),cCl xλ∈  then x∉

\ ({ }).cX Cl xλ  So X is a 0-c Tλ  space.IJSER
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Theorem 4.1.7 

 Every subspace of a 0-c Tλ  space X is a 

0-c Tλ  space. 

Proof.Let ( , )X τ be a 0-c Tλ  space, and 

A⊆ X. To show A is a 0-c Tλ  space. Let 

a, b be two distinct points of A. Since A

⊆ X, a, b are alsodistinct points of X. 

Since ( , )X τ  is a 0-c Tλ  space, there 

exists a -cλ open set U in X such that a

∈Uandb∉U   or   a∉Uand  b∈U . If  a

∈Uand  b∉U,then  U ∩ A is a -cλ open 

set in A contain a notcontaining b, it 

follows that A is a 0-c Tλ  space. If  a∉

Uand  b∈U  then similarly we get the 

result. 

Theorem 4.1.8 

 The property of a space being a 0-c Tλ  

space is preserved under a bijective and 

( , )λ γ -open functions. 

Proof.Let ( , )X τ be a 0-c Tλ  space and 

let f be a one to one ( , )λ γ -open 

function of ( , )X τ  onto a topological 

space ( , ).Y σ  Then we want to show 

that ( , )Y σ is also 0-c Tγ . Let a, b be 

any two distinct points of Y. Since f  is 

an onto function, there exist distinct 

points c, d of Xsuch that ( )f c a=  and 

( ) .f d b=   Since ( , )X τ  is a 0-c Tλ  

space, there exists a -cλ open set U 

contain one of  them, say c in  X  such 

that U does not contain d. Since f  is a 

one to one ( , )λ γ -open function, ( )f U  

is a -cγ open set containing ( )f c a=  

and not containing ( ) .f d b=  In other 

words, ( )f U  is -cγ open set containing 

a butnot b. Hence ( , )Y σ is also 0-c Tγ . 

Theorem 4.1.9 

     Let ( , )X τ be a topological space and 

let ( , )Y σ  be a cγ - 0T  space. Let 

: ( , )f X τ → ( , )Y σ  be a one to one, 

( , )λ γ -continuous function. Then 

( , )X τ  is also a cλ - 0T  space. 

Proof.Let ,a b  be any two distinct 

points of .X  Since f is one to one, and 

,a b≠  then ( ) ).f a b≠ (   Let 

( ), ( )c f a  d f b= =  so that 1( )a f c−=  

and b = 1( ).f d−  Where ,c  d Y∈  such 

that .c d≠  Since ( , )Y σ is a cγ - 0T  

space, there exists cγ -open set H such 

that c H∈  but .d H∉  Since f is 

( , )λ γ -continuous, 1( )f H−  is cλ -open. 

Now, since ,c H∈  then 1( )f c− ∈
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1( ),f H−  so 1( )a f H−∈  but since f is 

one to one, so  1( ).b f H−∉  Hence 

( , )X τ   is also a cλ - 0T  space. 

Corollary 4.1.10 

     If : ( , ) ( , )f X Yτ σ→ is a one to 

one, contra ( , )λ γ -continuous function 

and satisfies the ( , )λ γ -interiority 

condition, and let ( , )Y σ be a cγ - 0T

space. 

Then ( , )X τ is also cλ - 0T  space. 

Proof. Follows from Theorem 3.8  and 

Theorem 4.1.9. 

Definition 4.1.11 

     A topological space ( , )X τ is said to 

be 1/2-c Tλ  space if every g- -cλ closed 

set in ( , )X τ  is -cλ closed.  

Theorem 4.1.12 

     A topological space ( , )X τ  with an 

s-operation λ  is 1/2-c Tλ  if and only if  

each singleton { }x of  Xis  -cλ closed 

set or -cλ open set. 

Proof.Suppose { }x is not -cλ closed. 

Then by Proposition 3.9, \{ }X x is     g-

-cλ closed. Now since ( , )X τ  is 

1/2- ,c Tλ  then \ { }X x  is -cλ closed i.e. 

{ }x is -cλ open. 

Conversely, let Abe any g- -cλ closed set 

in ( , )X τ  and ( ).cx Cl Aλ∈ By 

hypothesis we have{ }x is -cλ closed or 

-cλ open. If { }x is -cλ closed. We have 

to show x∈A. For this, if we suppose 

thatx∉A,then ( ) \cx Cl A Aλ∈  which 

is not possible by Proposition 

3.10.Hencex∈A.Therefore, ( )cCl Aλ =A, 

i.e.Ais -cλ closed. So ( , )X τ  is 1/2- .c Tλ  

On theother hand, if { }x is -cλ open 

then as ( ),cx Cl Aλ∈ { }x ∩ A .φ≠

Hence x∈A. So Ais -cλ closed. 

Theorem 4.1.13 

     Every 1/2-c Tλ  space is 0-c Tλ  space. 

Proof.Let x and y be two distinct points 

of X. Then by Theorem 4.1.12, we have 

{ }x  is -cλ closed or -cλ open. If { }x is 

-cλ closed set, then ({ })cCl xλ = { },x  

and since y ≠ x, then y∉ ({ }).cCl xλ  

Hence X is a 0-c Tλ  space, and if { }x is 

-cλ open, then the set U={ }x  is an -cλ

open subset of X which not contains y. 

Then y∉ ({ }).cCl xλ  Thus X is a 0-c Tλ  

space by Theorem 4.1.6. 
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     The converse of Theorem 4.1.13, is 

not true in general as shown by the 

following example. 

Example 4.1.14 

     Let { , , },X a b c= and ( ).P Xτ =

We define an s-operation : ( )SO Xλ →

( )P X as: 

   if   { } or { , } or 
( )

     Otherwise
A A a a b

A
X

φ
λ

=
= 


. 

Then a topological space ( , )X τ  is a 

0-c Tλ  space but not a 1/2-c Tλ  space 

because { , }a c is g- -cλ closed but not 

-cλ closed  

Remark 4.1.15 

     It is clear from the definitions that, 

every 1/2-c Tλ  is semi- 1/2T , but the 

converse is not true in general, we refer 

to Example 4.1.14, in which ( , )X τ  is a 

semi- 1/2T , but not 1/2-c Tλ  space. 

 

 

Theorem 4.1.16 

If a topological space ( , )X τ is 1/2- ,c Tλ  

then every subset of X is theintersection 

of all c -λ open sets and all c -λ closed 

sets that containing it. 

Proof.Let ( , )X τ be  a 1/2-c Tλ  space 

with  F⊆ X  arbitrary. Then  F = 

{ { }:  X \ x x∉ }F   is an 

intersection of cλ -open sets and cλ -

closed sets by Theorem 4.1.12. The 

result follows. 

Theorem 4.1.17 

 Every subspace of  a 1/2-c Tλ  space  X  is 

a 1/2-c Tλ  space. 

Proof.Let ( , )X τ be a 1/2-c Tλ  space, 

and A ⊆ X. To show A is a 1/2-c Tλ  

space. Let y∈A. Since A⊆ X, then y∈X 

and by Theorem 4.1.12, { }y is a -cλ

closed set or -cλ open set. Implies that 

{ }y ∩ A={ }y  is a -cλ closed set or 

-cλ open set in A. Then by Theorem 

4.1.12, A is a 1/2-c Tλ  space. 

Theorem 4.1.18 

Let : ( , ) ( , )f X Yτ σ→  be a ( , )λ γ -
continuous and ( , )λ γ -closed function. 
Then:        

(1) If f  is injective and ( , )Y σ  is a

1/2-c Tγ  space, then ( , )X τ  is a

1/2-c Tλ  space. 

(2) If f  is surjective and( , )X τ  is 

a 1/2-c Tλ  space, then ( , )Y σ  is a

1/2-c Tγ  space. 
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Proof.(1) Let A be a g- -cλ closed set in 

( , ).X τ To show that A is -cλ closed. By 

Theorem 3.7,we have ( )f A  is g- -cγ

closed. Since  ( , )Y σ  is 1/2- ,c Tγ ( )f A

is a -cγ closed set. Since f  is injective 

and ( , )λ γ -continuous, 

1( ( ))f f A A− = is  a -cλ closed  set in 

X. Hence ( , )X τ is  a 1/2-c Tλ  space. 

(2) Let B be a g- -cγ closed set in 

( , ).Y σ  By Theorem 3.7, 1( )f B−  is              

g- -cλ closed. Since ( , )X τ  is a 1/2-c Tλ  

space, 1( )f B−  is -cλ closed. Since f  

is surjective and( , )λ γ -continuous,  

1( ( ))f f B B− = is  a -cγ closed  set in 

Y .    Therefore ( , )Y σ  is 1/2-c Tγ . 

Definition 4.1.19 

     A topological space ( , )X τ is called a 

1-c Tλ  space, if for each distinct points 

,  ,x y X∈  there exist -cλ open sets U,V 

containing x and y  respectively such that 

y U∉  and .x V∉  

Theorem 4.1.20 

     A topological space ( , )X τ is a 

1-c Tλ  space if and only if every 

singleton subset { }x  of X is -cλ closed. 

Proof.Let x and y be two distinct points 

of X. Then \ { }X x  is a -opencλ set 

which contains y but does not contain x. 

Similarly \ { }X y  is a -opencλ set 

which contains x but does not contain y. 

Hence the space ( , )X τ is 1-c Tλ . 

Conversely, let x be any point of X. We 

want to show { }x  is -cλ closed, that is, 

to show that \ { }X x is -opencλ set. 

Let y ∈ \ { }.X x Then .y x≠  Since X 

is 1- ,c Tλ there exists a -opencλ set H 

such that y∈H but x∉H. It follows that 

y∈H⊆ \ { }X x . Hence { }x  is -cλ

closed. 

Remark 4.1.21 

     From the definition of  1-c Tλ  and 

semi- 1T  space, every 1-c Tλ  space is 

semi- 1T , but the converse is not true in 

general, clearly in Example 4.1.14, 

( , )X τ  is a semi- 1T , but not 1-c Tλ  

space. 

Proposition 4.1.22 

If : ( ) ( )SO X P Xλ →  is aλ -regular 

s-operation. Then a topological space 

( , )X τ is a 1-c Tλ  space, if and only if 

every finite subset of  X  is -cλ closed. 

Proof.Obvious. 

Theorem 4.1.23 
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     Every 1-c Tλ  space is a 1/2-c Tλ  space. 

Proof. Suppose that Ais a set which is 

not -cλ closed, then there exists  x∈

( ) \ ,cCl A Aλ  so{ }x ⊆ ( ) \cCl A Aλ

and { }x  is -cλ closed, since we are in a 

1-c Tλ space, and as { } ,x φ≠  by 

Theorem 3.10,  Ais not g- -cλ closed.  

 

The converse of Theorem 4.1.23, is not 

true in general and we can show it by the 

following example. 

Example 4.1.24 

     Let { , },X a b= and ( ).P Xτ = We 

define an s-operation : ( )SO Xλ →

( )P X as: 

   if   { } or  
( )

   Otherwise
A A a

A
X

φ
λ

=
= 


. 

Then a topological space ( , )X τ  is a 

1/2-c Tλ  space but not 1-c Tλ  space.   

Theorem 4.1.25 

 The property of a space being a 1-c Tλ  

space is preserved under bijective and 

( , )λ γ -open functions. 

Proof.Let ( , )X τ be a 1-c Tλ  space and 

let f be a one to one ( , )λ γ -open 

function of ( , )X τ  onto a topological 

space ( , ).Y σ  Then we want to show 

that ( , )Y σ is also a 1-c Tγ . Let a, b be 

any two distinct points of Y. Since f  is 

an onto function, there distinct points c, 

d  of  Xexistsuch that ( )f c a=  and 

( ) .f d b=  Since ( , )X τ  is a 1-c Tλ  

space, there exist -cλ open sets U and V 

such that  c ∈U  but  d∉U  and  d ∈V  

but  c∉V. Since f  is a one to one 

( , )λ γ -open function, ( )f U and ( )f V  

are -cγ open sets containing a= ( )f c

( )f U∈ but b = ( ) ( )f d f U∉  and b =

( ) ( )f d f V∈  but a = ( )f c ∉ ( ).f V  

Hence ( , )Y σ is alsoa 1-c Tγ  space. 

Theorem 4.1.26 

     Let ( , )X τ be a topological space and 

let ( , )Y σ be a cγ - 1T space. If 

: ( , )f X τ → ( , )Y σ  is a one to one 

and ( , )λ γ -continuous function.Then 

( , )X τ  is also a cλ - 1T  space. 

Proof.Let ,a b  be any two distinct 

points of .X  Since f is one to one and 

,a b≠  then ( ) ( ).f a f b≠  Let 

( ), ( )c f a  d f b= =  so that 1( )a f c−=  

and 1( ).b f d−=  Where ,c  d Y∈  such 

that .c d≠  Since ( , )Y σ  is cγ - 1T space, 

there exist cγ -open sets H and K such 
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that c H, d H,  d K∈ ∉ ∈ and .c K∉  

Since   f  is ( , )λ γ -continuous, 1( )f H−  

and 1( )f K−  are cλ -open sets. Now 

c H, d∈ H,∉ d K∈ and .c K∉  

Then by hypothesis 
1 1 1( ) ( ), ( )f c f H  f d  − − −∈  ∉
1 1( ), ( )f H  f d− − ∈ 1( )f K− and 

1 1( ) ( ).f c f K− −∉ So

1 1( ) ( ),a f H ,b f H− −∈ ∉ b ∈
1( )f K−  and  1( ).a f K−∉  Hence 

( , )X τ  is also cλ - 1T  space. 

Corollary 4.1.27 

     Let ( , )X τ be a topological space and 

let ( , )Y σ  be a cγ - 1T  space. If 

: ( , )f X τ → ( , )Y σ  is a one to one 

and ( , )λ γ -continuous function. Then 

( , )X τ is  a cλ - iT  space, for  0, ½.i =  

Proof.Follows from Theorem 4.1.26, 

and also we have every cλ - 1T  space is 

cλ - iT  space, for  0, ½.i =  

Corollary4.1.28 

If : ( , ) ( , )f X Yτ σ→ is a one to one, 

contra ( , )λ γ -continuous function and 

satisfies the ( , )λ γ -interiority condition, 

and let ( , )Y σ be a cγ - 1T space. Then 

( , )X τ is  a cλ - iT  space, for   0, ½.i =  

Proof. Follows from Theorem 3.8 and 

Corollary 4.1.27. 

Theorem 4.1.29 

 Let : ( , ) ( , )f X Yτ σ→  be an onto

( , )λ γ -closed function. If X is a 1-c Tλ  

space, then so is Y .  

Proof. Let y Y .∈  Then there exists 

x X∈ such that ( ) .f x y= Since

x X∈  and X is a 1-c Tλ  space, then 

by Theorem 4.1.20, { }x  is cλ -closed. 

Since f  is ( , )λ γ -closed,  

({ }) { }f x y= cγ -closed. Hence by 

Theorem 4.1.20,  Y is a 1-c Tγ  space. 

Theorem 4.1.30 

 Every subspace of  a 1-c Tλ  space X  is a 

1-c Tλ  space. 

Proof.Let ( , )X τ be a 1-c Tλ  space, and  

A⊆ X. Let  a∈A. Then  a∈X  and { }a  

is cλ -closed in X ( Since ( , )X τ  is 

1-c Tλ  space). Therefore { } { }a a A= ∩  

is -cλ closed A. Thus by Theorem 

4.1.20,  Ais a 1-c Tλ  space.
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Definition 4.1.31 

     A topological space ( , )X τ  is called 

a cλ -symmetric space,  if for  x and  y in 

X,  x∈ ({ })cCl yλ  implies that  y∈

({ }).cCl xλ  

Theorem 4.1.32 

     Let ( , )X τ  be a c -λ symmetric 

space. Then the following statements are 

equivalent: 

(1) ( , )X τ is 0-c Tλ . 

(2) ( , )X τ  is 1/2-c Tλ  

(3) ( , )X τ is 1-c Tλ . 

Proof.It is enough to prove only that (1) 

gives (3). Let  x ≠ y and since ( , )X τ  is

0 ,c -Tλ  we may assume that

\ { }x U X y∈ ⊆  for some U ∈

( ).cSO Xλ   Then   x∉ ({ })cCl yλ  and 

hence y∉ ({ }).cCl xλ  Therefore, there 

exists V∈ ( )cSO Xλ  such that  

\ { }y V X x∈ ⊆  and ( , )X τ  is a 

1-c Tλ  space. 

4.2. Some properties of  separation 

axioms via c -λ open set 

Theorem 4.2.1 

Let ( , )X τ be a c -λ symmetric 

topological space and let ( , )Y σ  be a cγ -

0T  space.  If : ( , )f X τ → ( , )Y σ  is a 

one to one and ( , )λ γ -continuous 

function.  Then ( , )X τ is cλ - iT space, 

for  0, ½, 1.i =  

Proof.Follows from Theorem 4.1.9  and 

Theorem 4.1.32. 

Theorem 4.2.2 

Let ( , )X τ be  a c -λ symmetric 

topological space and let ( , )Y σ  be a cγ -

1/2T  space.  If : ( , )f X τ → ( , )Y σ  be 

a one to one , ( , )λ γ -continuous and 

( , )λ γ -closed function. Then ( , )X τ is 

cλ - iT space, for  0, ½, 1.i =  

Proof.Follows from Theorem 4.1.18  

andTheorem 4.1.32. 

Definition 4.2.3 

A topological space ( , )X τ is called a 

2-c Tλ  space if for each two distinct 

points ,  x y X∈  there exist -cλ open 

sets U, V such that x U,∈ y V∈ and U

∩ V = .φ  

Remark 4.2.4 

     From the definition of  2-c Tλ  and 

semi- 2T  space, every 2-c Tλ  is semi- 2T , 

but the converse is not true in general, 

clearly in Example 4.1.14, ( , )X τ  is a 

semi- 2T , but not 2-c Tλ  space. 
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Theorem 4.2.5 

     Every 2-c Tλ  space is 1-c Tλ  space. 

Proof.Obvious. 

     The converse of Theorem 4.2.5, is not 

true in general and we can show it by the 

following example. 

Example 4.2.6 

     Let { , , },X a b c= and ( ).P Xτ =

We define an s-operation : ( )SO Xλ →

( )P X as: 

   if  { , } or { , } or { , } or 
( )

      Otherwise
A A a b a c b c

A
X

φ
λ

=
= 


.  

Clearly ( , )X τ is cλ - 1T  space, but it is 

not cλ - 2.T  

Theorem 4.2.7 

 The property of a space being a 2-c Tλ  

space is preserved under bijective and 

( , )λ γ -open functions. 

Proof.Let ( , )X τ be a 2-c Tλ  space and 

let f be a one to one ( , )λ γ -open 

function of ( , )X τ  onto another 

topological space ( , ).Y σ  Then we want 

to show that ( , )Y σ is also 2-c Tγ . Let a, 

b be any two distinct points of Y. Since 

f  is an onto function, there distinct 

points c, d  of  Xexistsuch that ( )f c a=  

and ( ) .f d b=  Since ( , )X τ  is a 2-c Tλ  

space, there exist disjoint -cλ open sets 

U and V such that  c ∈U  but  d∉U  and  

d ∈V  but  c∉V. Since f  is a one to 

one ( , )λ γ -open function, ( )f U and 

( )f V are -cγ open sets containing  a =

( ) ( )f c f U∈  but b = ( ) ( )f d f U∉  

and  b = ( ) ( )f d f V∈  but  a = ( )f c ∉

( ).f V  And also we have U V φ∩ =  

and since f is one to one, this implies that 

( )f U ∩ ( )f V =φ . Hence ( , )Y σ is 

alsoa 2-c Tγ  space. 

Theorem 4.2.8 

     Let ( , )X τ be a topological space and 

let ( , )Y σ  be a cγ - 2T  space. If 

: ( , )f X τ → ( , )Y σ  is a one to one 

( , )λ γ -continuous function.Then 

( , )X τ  is cλ - 2T . 

Proof.Let ,a b  be any two distinct 

points of .X  Since f is one to one and 

a b≠ then ( ) ( ).f a f b≠  Let 

( ), ( )c f a  d f b= =  are distinct so that 

1( )a f c−=  and 1( ).b f d−=  Where 

,c  d Y .∈  Since ( , )Y σ is a cγ - 2T  space, 

there exist cγ -open sets H and K  such 

that ,c H d K∈ ∈  and .H K φ∩ =

Since f is ( , )λ γ -continuous, 1( )f H−  
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and 1( )f K−  are cλ -open. Now 

1( )f H− ∩ 1( )f K−  = 

1( )f H K− ∩ = 1( ) ,f φ φ− =  and 

c H∈  then 1( )f c− ∈ 1( ),f H−  so 

1( )a f H−∈  and ,d K∈  then 

1( )f d− ∈ 1( ),f K−  so  b ∈ 1( ).f K−  

Hence ( , )X τ  is also a cλ - 2T  space. 

Corollary 4.2.9 

     Let ( , )X τ be a topological space and 

let ( , )Y σ  be a cγ - 2T  space. If 

: ( , )f X τ → ( , )Y σ  is a one to one 

and ( , )λ γ -continuous function. Then 

( , )X τ is  a cλ - iT  space, for 

 0, ½, 1.i =  

Proof.Follows from Theorem 4.2.8, and 

also we have every cλ - 2T  space is cλ -

iT  space, for  0, ½, 1.i =  

Corollary 4.2.10 

     Let ( , )X τ be a topological space and 

let ( , )Y σ  be a cγ - 2T  space. If 

: ( , )f X τ → ( , )Y σ  is a one to one 

and ( , )λ γ -continuous function. Then 

( , )X τ is  semi- iT  space, for 

 0, ½, 1,2.i =  

Proof.Follows  from Theorem 4.2.8  

andCorollary 4.2.9, and also we have 

every cλ - 2T  space is semi- iT  space, for 

 0, ½, 1,2.i =  

Corollary 4.2.10 

Let ( , )X τ be a topological spaceand let 

( , )Y σ  be a cγ - 2T space. If  :f

( , ) ( , )X Yτ σ→  is a one to one and 

contra ( , )λ γ -continuous function and 

satisfies the ( , )λ γ -interiority 

condition.Then ( , )X τ  is also cλ - 2T  

space. 

Proof. Follows from Theorem 3.8  and 

Theorem 4.2.8. 

Theorem 4.2.11 

 Every subspace of a 2-c Tλ  space X is a 

2-c Tλ  space. 

Proof.Let ( , )X τ be a 2-c Tλ  space, and 

A⊆ X. To show A is a 2-c Tλ  space. Let 

a, b be two distinct points of A. Since A 

⊆ X,  soa, b are alsodistinct points of X. 

Since ( , )X τ  is a 2-c Tλ  space, there 

exist disjoint -cλ open sets U and V in X 

containa and b respectively. G =U ∩ A 

and H =V ∩ A are -cλ  open sets in A 

contain  a and b respectively, G∩ H=(U

∩ A)∩ (V∩ A) = (U∩ V )∩ A=φ ∩

A= .φ   Hence A is a 2-c Tλ  space. 

Theorem 4.2.12 
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     If X is a 2-c Tλ  space, then for any 

two distinct points a, b∈X , there are cλ

-closed sets A and B such that  a∈A,  b

∉A,  a ∉B,  b∈Band   X = A∪ B. 

Proof.Since X is 2-c Tλ  space, then for 

any distinct a, b∈X, there exist cλ -open 

sets U and V such that a∈U, b∈V and U 

∩ V= .φ Therefore U⊆ X \Vand V ⊆

X\U. Hence a∈X \V. Put X \ V = A. This 

gives a∈Aand b∉A. Also  b∈X \U.  Put 

X \ U = B. Therefore,  b∈Band  a ∉

B.Moreover A ∪ B =(X \U ) ∪ (X \V ) = 

X. 

Theorem 4.2.13 

     If X is a 2-c Tλ  space, then for every 

point  a of  X, { }a  = ,a C  where aC  

is a cλ -closed set containing a cλ -open 

set U which contains a.  

Proof.Since X is a 2-c Tλ  space, 

therefore for any a, b such that a ≠ b, 

there exist cλ -open sets U and V such 

that a∈U, b ∈V and U ∩ V = .φ This 

gives U ⊆ X \V. Since  X \V is cλ -

closed and U ⊆ X \ V = ,aC  a cλ -

closed set which contains a and does not 

contain b. Since b is an arbitrary point of 

X different from a,  thenb∉ .a C Thus  

a is the only point which is in every cλ -

closed which contains a, that is, { }a = 

.a C  Hence the proof. 

 

 

Definition 4.2.14 

     Let ( , )X τ be a  topological space, A 

sequence { }kx is said to cλ -converge to 

a point x∈X, denoted c
kx xλ→ , if for 

every cλ -open set U containing x, there 

exists a positive integer n such that 

kx U∈  for all  k n≥ . 

     Now we prove the following: 

Theorem 4.2.15 

     Let Xbe a cλ - 2T  space. Then any 

sequence in X can cλ -converge to at 

most one point.  

Proof. Let { }kx be a sequence in X  

which is cλ -converging to x and y. Then 

by definition of cλ - 2T  space, there exist 

cλ -open sets U, V such that x∈U, y ∈V 

and .U V φ∩ =  Since c
kx xλ→  

therefore there exists a positive integer 

1n  such that ,kx U∈  for all 1k n≥ . 

Also ,c
kx yλ→  therefore there exists 

a positive integer 2n  such that ,kx V∈

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research Volume 8, Issue 5, May-2017                                                          32 
ISSN 2229-5518  

IJSER © 2017 
http://www.ijser.org 

for all 2.k n≥  Let 0 1 2max{ , }.n n n=  

Then ,kx U∈ and ,kx V∈ for all 

0k n≥ or ,kx U V∈ ∩  for all 0.k n≥  

This contradiction proves that { }kx cλ -

converges to at most one point.   

Example 4.2.16 

Let { , , }  and  ( ).X a b c P Xτ= =

We define s-operation : ( )SO Xλ →

( )P X  by ( )A Xλ =  for 

.A Xφ ≠ ⊆  Then 

( ) { , },cSO X Xλ φ=  then the sequence 

{ }kx  where kx x=  for each ,k is cλ -

converging to y, for all .y X∈  

Remark 4.2.17 

     From Definitions 3.11, 4.1.2, 4.1.11, 4.1.19 and  4.2.3, Examples 4.1.5, 4.1.14, 4.1.27 

and 4.2.6, and Theorems 4.1.13, 4.1.23 and 4.2.35, we get the following implications: 

cλ - 2T → cλ - 1T → cλ - 1/2T → cλ - 0T  

↓ ↓ ↓ ↓  

semi- 2T →  semi - 1T →   semi - 1/2T →    semi - 0T .  

 

 

Proposition 4.2.18 

     Let : ( , )f X τ → ( , )Y σ be  a ( , )λ γ

-homeomorphism. If ( , )X τ is cλ - 1/2T  

then( , )Y σ  is cγ - 1/2.T  

Proof.It is follows from Theorem 4.1.18. 

Corollary 4.2.19 

     If : ( , ) ( , )f X Yτ σ→ is a one to 

one, contra ( , )λ γ -continuous function 

and satisfies the ( , )λ γ -interiority 

condition, and let ( , )Y σ be a cγ - 2T

space. Then ( , )X τ is  a cλ - iT  space, for 

 0, ½, 1.i =  

Proof. Follows from Theorem 3.8 and 

Corollary  4.2.9. 

Corollary 4.2.20 

     If : ( , ) ( , )f X Yτ σ→ is a one to 

one, contra ( , )λ γ -continuous function 

and satisfies the ( , )λ γ -interiority 

condition, and let ( , )Y σ be a cγ - 1T

space. 

Then ( , )X τ  is also cλ - 1T  space. 

Proof. Follows from Theorem 3.8 and 

Theorem 4.1.2
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